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Abstract
The massless one-loop box integral with arbitrary indices in arbitrary space-time dimension d is
shown to reduce to a sum over three generalised hypergeometric functions. This result follows from
the solution to the third order differential equation of hypergeometric type. To derive the differential
equation, the Gro¨bner basis technique for integrals with noninteger powers of propagators was used.
A complete set of recurrence relations from the Gro¨bner basis is presented. The first several terms
in the ε = (4− d)/2 expansion of the result are given.
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1 Introduction
Modern methods for evaluating Feynman integrals can be used mainly for obtaining analytical results
for integrals with integer powers (indices) of propagators. There are no regular algorithms for calcu-
lating integrals with noninteger powers of propagators. However, in some important cases one needs
to evaluate integrals with noninteger indices. For example, such integrals are needed when analytic
regularization is exploited. Another example - evaluation of integrals with massive propagators by
the Mellin-Barnes technique. Such integrals are expressible as Mellin-Barnes integrals with integrand
being massless integrals taken with arbitrary indices [1]. Also, compuation of multi-loop integrals with
insertions of loop integrals with massless propagators can be reduced to evaluation of integrals with
noninteger indices.
In this paper, we will describe a regular method for deriving different types of equations for
integrals with noninteger indices. Solving these equations one can obtain analytical results for the
required integral. The method will be applied to the one-loop four point massless box integral. This
integral has been known for a long time with integer indices. In our paper, we present an analytical
result for this integral with arbitrary powers of the propagators.
This article is organized as follows: in Section 2, definitions and method for deriving different types
of equations for Feynman integrals with noninteger powers of propagators are described. In Section 3,
the differential equation and its solution for the on-shell box integral is given. In Section 4, different
results for epsilon expansion of the result are presented. In Section 5, the most important results of
our investigation are shortly described.
1
2 Definitions and method for deriving equations
The one-loop box type integral I
(d)
4 ({ν
2
j }, {skr}) with massless propagators to be considered in this
paper is defined as
I
(d)
4 (ν1, ν2, ν3, ν4; s12, s23, s34, s14; s24, s13)
=
∫
ddq
ipid/2
1
[(q − p1)2]ν1 [(q − p2)2]ν2 [(q − p3)2]ν3 [(q − p4)2]ν4
, (2.1)
where
sij = p
2
ij, pij = pi − pj. (2.2)
The diagram corresponding to the integral is presented in Fig. 1. In the present paper, the on-shell
q − p1
p41
p23p12
p34
q − p2
q − p3
q − p4
Figure 1: Diagram corresponding to the integral I
(d)
4 (ν1, ν2, ν3, ν4; s12, s23, s34, s14; s24, s13).
version of this integral will be considered:
I
(d)
4 (ν1, ν2, ν3, ν4; s24, s13) ≡ I
(d)
4 (ν1, ν2, ν3, ν4; 0, 0, 0, 0; s24, s13). (2.3)
In what follows we will use traditional kinematic invariants s and t defined as :
s = (p12 + p41)
2, t = (p12 + p23)
2. (2.4)
The analytical result for this integral when all νj = 1 was derived by different methods in Refs. [2],
[3], [4], [5]. The result for arbitrary value of νj was not known until now.
Parametric representations of Feynman integrals with arbitrary indices are not very suitable for
directly obtaining an analytical result. Instead, one can try to get the result as a solution of an
equation for the integral. To obtain such an equation, we propose to use the Gro¨bner basis technique.
The idea how to derive the Gro¨bner basis for integrals with noninteger powers of propagators was
outlined in Ref. [6]. Exploiting the Gro¨bner basis technique, one can set up the differential equation
for the integral as well as recurrence relations either with respect to the parameter of the space-time
dimension d or an index νj . We derived all these equations and discovered that solving the differential
equation for the integral I
(d)
4 is easier than solving both types of the recurrence relations. For this
reason we will stick to the derivation and solution of the differential equation.
To obtain the Gro¨bner basis for I
(d)
4 , we used one of the methods for solving the recurrence
relations for Feynman integrals proposed in [6]. The Gro¨bner basis consists of 12 relations. Three of
these relations are rather simple:
3+B3 = B1, 4
+B3 = B2, 3
+B2 = 4
+B1, (2.5)
where j+ is an operator shifting the index νj by one unit
j+I
(d)
4 (. . ., νj , . . .) = I
(d)
4 (. . ., νj + 1, . . .). (2.6)
2
Other 9 relations from the Gro¨bner basis are given in Appendix A. We discovered that the recurrence
relations from this basis allow one to reduce any integral of the type
I
(d)
4 (ν1 + n1, ν2 + n2, ν3 + n3, ν4 + n4, s, t) (2.7)
with integer nk to a set of three basis integrals:
B1 ≡ B1(ν1, ν2, ν3, ν4, s, t) = I
(d)
4 (ν1 − 1, ν2 − 1, ν3, ν4 − 1, s, t),
B2 ≡ B2(ν1, ν2, ν3, ν4, s, t) = I
(d)
4 (ν1 − 1, ν2 − 1, ν3 − 1, ν4, s, t),
B3 ≡ B3(ν1, ν2, ν3, ν4, s, t) = I
(d)
4 (ν1 − 1, ν2 − 1, ν3 − 1, ν4 − 1, s, t). (2.8)
Integrals of the type (2.7) can be obtained by applying product of shifting operators
(1+)n1+1(2+)n2+1(3+)n3+1(4+)n4+1 (2.9)
to the basis integral
I
(d)
4 (ν1 − 1, ν2 − 1, ν3 − 1, ν4 − 1, s, t). (2.10)
After application of a particular operator j+ to the integral (2.10) one should use recurrence relations
from the Gro¨bner basis. As a result any integral of the type (2.7) appeared in expressions for derivatives
will be reduced to a combination of three basis integrals (2.8). The same way we can reduce the integral
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) to the basis integrals (2.8).
3 Differential equation and its solution
As was shown in Ref. [7], the derivatives of Feynman integrals can be written in terms of the integrals
with shifted dimension d and changed indices of the propagators. To obtain an explicit formula for
the derivatives of I
(d)
4 , we will exploit its α parametric integral representation
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) = i
∑
4
j=1 νj−d/2−1
∫
∞
0
. . .
∫
∞
0
αν1−11 α
ν2−1
2 α
ν3−1
3 α
ν4−1
4
Γ(ν1)Γ(ν2)Γ(ν3)Γ(ν4)
{dα}
Dd/2
eiQ/D−iǫ, (3.11)
where {dα} = dα1. . .dα4 and
Q = α1α3t+ α2α4s,
D = α1 + α2 + α3 + α4. (3.12)
According to the method of Ref.[7], explicit expressions for the derivatives of the integral I
(d)
4 are
determined by the polynomial Q in Eq. (3.12) and they read:
∂
∂t
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) = ν1ν3I
(d+2)
4 (ν1 + 1, ν2, ν3 + 1, ν4, s, t), (3.13)
∂
∂s
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) = ν2ν4I
(d+2)
4 (ν1, ν2 + 1, ν3, ν4 + 1, s, t). (3.14)
Exploiting equations (3.13), (3.14), one can also express higher derivatives of the integral I
(d)
4 in terms
of the integrals with shifted dimension and indices.
In order to obtain the differential equation, we expressed the basis integrals in terms of the integral
itself and its first and second derivatives. Substituting these expressions into the result for the third
3
derivative leads to the following differential equation for the integral I
(d)
4 (ν1, ν2, ν3, ν4, s, t) ≡ I
(d)
4 (t):
4t2(s+ t) θ3I
(d)
4 (t)
−2t[2(d− 2ν1 − ν2 − 2ν3 − ν4 − 3)s+ (d− 6− 4ν1 − 2ν2 − 4ν3 − 2ν4)t] θ
2I
(d)
4 (t)
+[2(2ν1ν2 + 2ν1ν4 + 2ν2 + 2ν4 + 2ν3ν4 + 2 + 4ν3 − dν1 − ν3d
+2ν2ν3 + 6ν1ν3 + 2ν
2
3 − d+ 2ν
2
1 + 4ν1)t
+s(d− 2ν + 2ν2 − 2)(d− 2ν + 2ν4 − 2)] θI
(d)
4 (t)− 2ν1ν3(d− 2ν) I
(d)
4 (t) = 0, (3.15)
where
θ =
d
dt
. (3.16)
and
ν = ν1 + ν2 + ν3 + ν4. (3.17)
Similar prescription can be used to obtain recurrence relations with respect to an index νj or d.
Solution of the differential equation (3.15) which is valid at small t reads:
I
(d)
4 (t) =
C1(ν1, ν2, ν3, ν4)
sν−
d
2
3F2
[
ν1, ν3, ν −
d
2 ;
ν − ν4 + 1−
d
2 , ν − ν2 + 1−
d
2 ;
−
t
s
]
+
C2(ν1, ν2, ν3, ν4)
tν−
d
2
−ν4 sν4
3F2
[
ν4,
d
2 − ν1 − ν2,
d
2 − ν3 − ν2 ;
1 + ν4 − ν2,
d
2 − ν + ν4 + 1 ;
−
t
s
]
+
C3(ν1, ν2, ν3, ν4)
tν−
d
2
−ν2sν2
3F2
[
ν2,
d
2 − ν4 − ν1,
d
2 − ν4 − ν3 ;
1− ν4 + ν2,
d
2 − ν + ν2 + 1 ;
−
t
s
]
, (3.18)
where
3F2
[
a1, a2, a3 ;
b1, b2 ;
z
]
=
∞∑
k=0
(a1)k(a2)k(a3)k
(b1)k(b2)k
zk
k!
, (3.19)
and (aj)k = Γ(aj + k)/Γ(aj). Arbitrary constants Cj can be determined from boundary conditions
and symmetric relations of the integral with respect to indices. The coefficient C1(ν1, ν2, ν3, ν4) can
be found from the value of the integral at t = 0:
I
(d)
4 (t = 0) = i
dsd/2−ν
Γ
(
ν − d2
)
Γ
(
d
2 − ν + ν2
)
Γ
(
d
2 − ν + ν4
)
Γ(ν2)Γ(ν4)Γ(d− ν)
, (3.20)
Setting t = 0 in Eq.(3.18) leads to the relation
C1(ν1, ν2, ν3, ν4) = s
ν−d/2I
(d)
4 (t = 0) = i
dΓ
(
ν − d2
)
Γ
(
d
2 − ν + ν2
)
Γ
(
d
2 − ν + ν4
)
Γ(ν2)Γ(ν4)Γ(d− ν)
. (3.21)
In order to find C2 and C3, we first transformed the result (3.18) into the region valid for large t
by using the formula for analytic continuation of 3F2 functions:
3F2
[
a1, a2, a3 ;
b1, b2 ;
z
]
=
Γ(b1)Γ(b2)
Γ(a1)Γ(a2)Γ(a3)
×
{
Γ(a2 − a1)Γ(a3 − a1)Γ(a1)
Γ(b1 − a1)Γ(b2 − a1)(−z)a1
3F2
[
a1, 1− b1 + a1, 1− b2 + a1 ;
1− a2 + a1, 1− a3 + a1 ;
1
z
]
+
Γ(a1 − a2)Γ(a3 − a2)Γ(a2)
Γ(b1 − a2)Γ(b2 − a2) (−z)a2
3F2
[
a2, 1− b1 + a2, 1− b2 + a2 ;
1− a1 + a2, 1− a3 + a2 ;
1
z
]
+
Γ(a1 − a3)Γ(a2 − a3)Γ(a3)
Γ(b1 − a3)Γ(b2 − a3) (−z)a3
3F2
[
a3, 1− b1 + a3, 1− b2 + a3 ;
1− a1 + a3, 1− a2 + a3 ;
1
z
]}
. (3.22)
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Taking into account symmetries of the integral with respect to νj :
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) = I
(d)
4 (ν3, ν2, ν1, ν4, s, t) = I
(d)
4 (ν1, ν4, ν3, ν2, s, t),
I
(d)
4 (ν1, ν2, ν3, ν4, s, t) = I
(d)
4 (ν3, ν4, ν1, ν2, t, s), (3.23)
and the value of the integral at s = 0
I
(d)
4 (s = 0) = i
dtd/2−ν
Γ
(
ν − d2
)
Γ
(
d
2 − ν + ν1
)
Γ
(
d
2 − ν + ν3
)
Γ(ν1)Γ(ν3)Γ(d− ν)
, (3.24)
the following formulae for C2 and C3 were derived:
C2(ν1, ν2, ν3, ν4) = i
dΓ
(
ν − ν4 −
d
2
)
Γ
(
d
2 − ν3 − ν2
)
Γ (ν2 − ν4) Γ
(
d
2 − ν1 − ν2
)
Γ (ν1) Γ (ν3) Γ (ν2) Γ (d− ν)
,
C3(ν1, ν2, ν3, ν4) = C2(ν1, ν4, ν3, ν2). (3.25)
Symmetric relations (3.23) can be easily seen from the α parametric representation of I
(d)
4 . From
Eqs.(3.23) and hypergeometric representation (3.18) also the following relations follow:
C2(ν1, ν2, ν3, ν4) = C2(ν3, ν2, ν1, ν4),
C2(ν1, ν2, ν3, ν4) = C3(ν1, ν4, ν3, ν2).
C3(ν1, ν2, ν3, ν4) = C2(ν1, ν4, ν3, ν2). (3.26)
4 Epsilon expansion of I
(d)
4
In this section we present several terms in the ε expansion of the on-shell integral I
(d)
4 for the case
when
ν1 = 1 + a1ε, ν2 = 1 + a2ε, ν3 = 1 + a3ε, ν4 = 1 + a4ε. (4.27)
Epsilon expansion of hypergeometric functions was described in Refs. [8],[9],[10], [11],[12], [13]. The
result up to O(ε2) terms reads:
−
z
a
(1 + a1 + a4)(1 + a3 + a4)(1 + a2 + a3)(1 + a1 + a2)s
(ν−d/2)I
(d)
4 (t)
=
a
ε2
−
[
(1 + a3 + a4)(1 + a2 + a3) + a a1
] ln(−z)
ε
+
1
2
[
(a1 + a3)(1 + a3 + a4)(1 + a2 + a3) + a a
2
1
]
ln2(−z)
−
pi2
6
[
(a2 + 1)(1 + a4)(2a2 + 3 + 2a4) + (3a2 + 7 + 3a4)a1a3
+ (3a2a4 + a
2
2 + 5a4 + a
2
4 + 5 + 5a2)(a1 + a3)
+ (2a1 + a2 + 2 + a4)a
2
3 + (2a3 + a2 + 2 + a4)a
2
1
]
+ε
{
(1 + a1 + a4)(1 + a3 + a4)(1 + a2 + a3)(1 + a1 + a2)
[
− 1/2 ln(1− z) ln(−z)2
− ln(−z)Li2(z)−
pi2
2
ln(1− z) + Li3(z)
]
+
1
6
S1 ln(−z)
3 +
pi2
6
S2 ln(−z) + S3ζ3
}
+O(ε2), (4.28)
where S1,S2, S3 are given in Appendix B and
a = 2 + a1 + a2 + a3 + a4. (4.29)
5
When all ak = 0 for the first three terms in the expansion, we found complete agreement with the
result given in Ref.[3].
Just for completeness we present here the formula for I
(d)
4 which can be used in the frame of
analytical regularization. In this case it is assumed that d = 4 and indices are defined as in (4.27).
The result of ε expansion including the constant term reads:
−
z
b
(a1 + a4)(a3 + a4)(a2 + a3)(a1 + a2)s
(ν−d/2)I
(d)
4 (t)
=
b
ε2
−
[
(a3 + a4)(a2 + a3) + b a1
] ln(−z)
ε
−
pi2
6
[
(a2 + a4)(2a2a4 + a
2
1 + a
2
3 + 3a1a3) + (a1 + a3)(a
2
2 + 3a2a4 + a
2
4 + 2a1a3)
]
+
1
2
[
(a1 + a3)(a3 + a4)(a2 + a3) + b a
2
1
]
ln(−z)2 +O(ε), (4.30)
where
b = a− 2. (4.31)
5 Conclusions
In conclusion, we shortly summarize the most important results of the paper. First of all, we outlined
a regular algorithm for deriving analytical results for Feynman integrals with arbitrary noninteger
powers of propagators. We illustrated that the algorithm perfectly works for a rather complicated
integral. It can be used not only for deriving differential equations but also for deriving recurrence
relations with respect to space-time dimension d or an index νj for integrals. From these equations
one can choose an equation the easiest for obtaining an analytical result. The method can be applied
to massless integrals as well as integrals with massive propagators.
Detailed description of our method and its apllication to other integrals will be presented in our
future publications.
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6 Appendices
Appendix A
Recurrence relations from the Gro¨bner basis for the integral I
(d)
4 (ν1, ν2, ν3, ν4, s, t).
1+B1 = I
(d)
4 (ν1, ν2 − 1, ν3, ν4 − 1, s, t)
= −
(d+ 2− ν)(d− 2ν + 4 + 2ν4)
t(ν1 − 1)(2− 2ν1 − 2ν2 + d)
B1 +
2(ν4 − 1)(d + 2− ν)
t(ν1 − 1)(2 − 2ν1 − 2ν2 + d)
B2, (6.32)
2+B1 = I
(d)
4 (ν1 − 1, ν2, ν3, ν4 − 1, s, t)
= −
(t(d+ 2ν1 − 2ν + 4)(2 − 2ν1 − 2ν2 + d) + 2(ν2 − ν4)(d+ 2ν4 − 2ν + 4)s)(d + 2− ν)
(d− 2ν3 − 2ν2)(ν2 − 1)ts(2− 2ν1 − 2ν2 + d)
B1
−
(d− 2ν1 − 2ν4 + 2)(d− 2ν + 4 + 2ν4)(ν4 − 1)(d + 2− ν)
(ν2 − 1)t(d − 2ν3 − 2ν2)(ν3 − 1)(2 − 2ν1 − 2ν2 + d)
B2
−
(d− 2ν + 8)(d + 3− ν)(d+ 2− ν)
(ν2 − 1)(ν3 − 1)(d − 2ν3 − 2ν2)st
B3, (6.33)
6
3+B1 = I
(d)
4 (ν1 − 1, ν2 − 1, ν3 + 1, ν4 − 1, s, t)
= −
((d− 2ν4 − 2ν3)(d+ 2ν4 − 2ν + 4)s − 2t(ν1 − ν3 − 1)(d + 2ν1 − 2ν + 4))(d + 2− ν)
(d− 2ν4 − 2ν3)(d − 2ν3 − 2ν2)stν3
B1
+
2(ν1 − 2)(d − 2ν1 − 2ν4 + 2)(ν4 − 1)(d − ν + 2)
t(d− 2ν4 − 2ν3)ν3(d− 2ν3 − 2ν2)(ν3 − 1)
B2
+
2(ν1 − ν3 − 1)(d− 2ν + 8)(d − ν + 3)(d − ν + 2)
(ν3 − 1)(d− 2ν3 − 2ν2)ν3(d− 2ν4 − 2ν3)st
B3, (6.34)
4+B1 = I
(d)
4 (ν1 − 1, ν2 − 1, ν3, ν4, s, t)
= −
(d− 2ν + 4 + 2ν1)(d+ 2− ν)
(ν4 − 1)s(d − 2ν4 − 2ν3)
B1 −
(4 + d+ 2ν2 − 2ν)(d+ 2− ν)
t(d− 2ν4 − 2ν3)(ν3 − 1)
B2
−
(d− 2ν + 8)(d + 3− ν)(d+ 2− ν)
(d− 2ν4 − 2ν3)st(ν4 − 1)(ν3 − 1)
B3, (6.35)
1+B2 = I
(d)
4 (ν1, ν2 − 1, ν3 − 1, ν4, s, t)
= −
(d− 2ν + 2ν3 + 4)(ν3 − 1)(d + 2− ν)(d+ 2− 2ν3 − 2ν2)
(ν4 − 1)(d − 2ν1 − 2ν4)(2 − 2ν1 − 2ν2 + d)s(ν1 − 1)
B1
−
(2t(ν1 − ν3)(d+ 2ν3 − 2ν + 4) + (4 + 2ν2 − 2ν + d)(2 − 2ν1 − 2ν2 + d)s)(d + 2− ν)
(2− 2ν1 − 2ν2 + d)ts(d− 2ν1 − 2ν4)(ν1 − 1)
B2
−
(d− 2ν + 8)(d + 3− ν)(d+ 2− ν)
st(ν1 − 1)(ν4 − 1)(d− 2ν1 − 2ν4)
B3, (6.36)
2+B2 = I
(d)
4 (ν1 − 1, ν2, ν3 − 1, ν4, s, t)
=
2(d+ 2− ν)(ν3 − 1)
s(ν2 − 1)(2− 2ν1 − 2ν2 + d)
B1 −
(d+ 2− ν)(d+ 2ν3 − 2ν + 4)
s(ν2 − 1)(2 − 2ν1 − 2ν2 + d)
B2, (6.37)
4+B2 = I4(ν1 − 1, ν2 − 1, ν3 − 1, ν4 + 1, s, t)
=
2(ν3 − 1)(ν2 − 2)(d + 2− 2ν3 − 2ν2)(d− ν + 2)
(d− 2ν1 − 2ν4)ν4(d− 2ν4 − 2ν3)s(ν4 − 1)
B1
−
(d− ν + 2)(t(d − 2ν4 − 2ν3)(d+ 2ν3 − 2ν + 4)− 2(ν2 − ν4 − 1)(4 + 2ν2 − 2ν + d)s)
(d− 2ν1 − 2ν4)(d − 2ν4 − 2ν3)sν4t
B2
+
2(ν2 − ν4 − 1)(d− 2ν + 8)(d − ν + 3)(d − ν + 2)
(d− 2ν4 − 2ν3)st(ν4 − 1)(d − 2ν1 − 2ν4)ν4
B3, (6.38)
1+B3 = I
(d)
4 (ν1, ν2 − 1, ν3 − 1, ν4 − 1, s, t)
=
(d+ 2− 2ν3 − 2ν2)(ν3 − 1)
(ν1 − 1)(2 − 2ν1 − 2ν2 + d)
B1 +
2(ν1 − ν3)(ν4 − 1)
(ν1 − 1)(2 − 2ν1 − 2ν2 + d)
B2, (6.39)
2+B3 = I
(d)
4 (ν1 − 1, ν2, ν3 − 1, ν4 − 1, s, t)
=
2(ν3 − 1)(ν2 − ν4)
(ν2 − 1)(2 − 2ν1 − 2ν2 + d)
B1 +
(ν4 − 1)(d − 2ν1 − 2ν4 + 2)
(ν2 − 1)(2 − 2ν1 − 2ν2 + d)
B2, (6.40)
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I
(d+2)
4 (ν1 − 1, ν2 − 1, ν3 − 1, ν4 − 1, s, t)
=
(2ν2t− 4t+ (d+ 2ν2 − 2ν + 6)s)(ν3 − 1)st(d+ 2− 2ν3 − 2ν2)
2(d+ 3− ν)(d− 2ν + 10)(d + 5− ν)(d− ν + 4)(t+ s)
B1
+
(d− 2ν1 − 2ν4 + 2)(t(d + 2ν1 − 2ν + 6) + 2ν1s− 4s)ts(ν4 − 1)
2(d+ 3− ν)(d+ 10− 2ν)(d+ 5− ν)(d− ν + 4)(t+ s)
B2
+
1
2(d − ν + 4)(d + 10− 2ν)(d− ν + 5)(t+ s)
×[t2(d+ 2ν1 − 2ν + 6)(d + 2ν3 − 2ν + 6) + t(d
2 − 2dν + 6d+ 4ν1ν3 − 8 + 4ν2ν4)s
+ (d+ 2ν2 − 2ν + 6)(d+ 2ν4 − 2ν + 6)s
2]B3. (6.41)
Appendix B
Some coefficients in the ε expansion of I
(d)
4 given in Eq. (4.28).
S1 = 1 + 2(a1 + a2 + a3 + a4) + a
2
2 + a
2
4 + 4a2a4 + 3a3(a2 + a4) + 3(a3 + a2 + a4)a1
−a3(2a
2
3 − a
2
4) + a4(a4 + 3a3)a1 + 2a4(2a3 + a4)a2 + (a1 + 2a4 + a3)a
2
2
+(4a4 + 3a3)a1a2 − 2a
3
1 + (a3 + a4)(a2 + a3)((a2a4 − a
2
3)
+(a2 − a3 + a4)a1)− (a2 + a3 + a4)a
3
1 − a
4
1, (6.42)
S2 = 3 + 8(a1 + a3) + 6(a2 + a4) + 7(a
2
1 + a
2
3) + (17a3 + 12a2 + 12a4)a1
+3a22 + 12(a4 + a3)a2 + 3a
2
4 + 12a4a3 + (6a4 + 4a3 + 4a1)a
2
2
+(6a24 + 16(a1 + a3)a4 + 16a1a3 + 7a
2
3 + 7a
2
1)a2
+(16a1a3 + 7a
2
3 + 7a
2
1)a4 + (a1 + a3)(2a
2
1 + 9a1a3 + 2a
2
3 + 4a
2
4)
+(a3 + a4)(a2 + a3)(a2a3 + 3a2a4 + a3a4) + (2a
3
3 + 9a2a3a4 + 3a3a
2
4 + 3a3a
2
2
+4a2a
2
4 + 4a
2
2a4 + 5a4a
2
3 + 5a2a
2
3)a1 + (a2 + 2a3 + a4)a
3
1
+(a22 + a
2
4 + 4a
2
3 + 5a3a2 + 5a2a4 + 5a4a3)a
2
1, (6.43)
S3 = −5− 11(a1 + a2 + a3 + a4)− 8(a
2
1 + a
2
2 + a
2
3 + a
2
4)− 17(a1 + a3)(a2 + a4)
−19(a2a4 + a1a3)− 2(a
3
1 + a
3
2 + a
3
3 + a
3
4) + (−8a2 − 10a3 − 8a4)a
2
1
+(−8a22 − 19(a3 + a4)a2 − 10a
2
3 − 19a4a3 − 8a
2
4)a1 − (8a3 + 10a4)a
2
2
−(8a23 + 19a3a4 + 10a
2
4)a2 − 8a3a4(a3 + a4)− a3a4(a3 + a4)
2
−(a2 + 2a3 + a4)a1(a
2
1 + (a3 + 2a4 + 2a2)a1 + a
2
2 + 2a2a3 + 4a2a4 + a
2
3 + 2a3a4 + a
2
4)
−a2a3(a2 + a3)
2 − (a2 + a4)(2a2 + 5a3)a2a4 − 4a2a4a
2
3 − 2a2a
3
4. (6.44)
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